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Comprehensive description of J/ψ production in proton-proton collisions at collider
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(Dated: October 15, 2014)
We employ a small x Color Glass Condensate (CGC)+ Non-Relativistic QCD (NRQCD) formal-
ism to compute J/ψ production at low p⊥ in proton-proton collisions at collider energies. Very good
agreement is obtained for total cross-sections, rapidity distributions and low momentum p⊥ distri-
butions. Similar agreement is obtained for ψ′ production. We observe an overlap region in p⊥ where
our results match smoothly to those obtained in a next-to-leading order (NLO) collinearly factorized
NRQCD formalism. The relative contribution of color singlet and color octet contributions can be
quantified in the CGC+NRQCD framework, with the former contributing approximately 10% of
the total cross-section.
PACS numbers: 12.38.Bx, 14.40.Pq
The production of heavy quarkonium states is an excel-
lent laboratory to understand hadronization in QCD [1].
A significant development was the non-relativistic QCD
(NRQCD) factorization formalism [2] that provides sys-
tematic estimates of the magnitudes of universal long dis-
tance matrix elements (LDMEs) contributing to cross-
sections of heavy quarkonium states. Based on this
NRQCD framework, next-to-leading order (NLO) com-
putations performed in recent years [3–5] describe nearly
all the high p⊥ (p⊥ >> M , where M is the quarko-
nium mass) data on heavy quarkonium production at
hadron colliders, with further improvements anticipated
from high p⊥ logarithmic resummations [6–8]
In contrast, heavy quarkonium production in the low
p⊥ <∼ M region is far from understood. This regime
dominates the total cross-section for production of heavy
quarkonia at colliders. For collider center of mass (c.m)
energies
√
s, the dynamics is sensitive to large logarithms
in x ∼ M/√s. Summing these small x logs leads to the
phenomenon of gluon saturation, characterized by a dy-
namically generated semi-hard scale QS in the hadron
wavefunctions [9, 10]. Recently in [11], the Color Class
Condensate (CGC) effective theory of small x QCD [12]
results for the short distance heavy quark pair production
cross-section [13–15] were combined with the LDMEs of
NRQCD to provide analytic expressions for a large num-
ber of quarkonium final states.
In this letter, we will provide first quantitative results
in this novel CGC+NRQCD framework for J/ψ produc-
tion in proton-proton (p+p) collisions at collider ener-
gies1. We show that results in this framework can be
matched smoothly to NLO perturbative QCD results at
high p⊥, thereby providing the missing link for a uni-
fied description for quarkonium production in all phase
1 Previous CGC comparisons to quarkonia for p+p collisions em-
ployed the color evaporation model [16]. For p+A collisions, see
also [17].
space. This unified framework is identical for the descrip-
tion of both p+p and proton-nucleus (p+A) collisions.
With some numerical effort, it can be extended systemat-
ically [18] to quarkonium production in the early stages of
nucleus-nucleus (A+A) collisions, where quarkonium dis-
sociation is a signature of quark-gluon plasma formation.
A further nice feature of this framework is that allows one
to quantify the relative contribution of color singlet and
color octet channels to quarkonium final states in both
p+p and p+A collisions.
In the NRQCD factorization formalism [2], the inclu-
sive production of a heavy quarkonium state H is ex-
pressed as
dσH =
∑
κ
dσˆκ〈OHκ 〉, (1)
where κ = 2S+1L
[c]
J are the quantum numbers of the pro-
duced intermediate heavy quark pair with standard spec-
troscopic notation for the angular momentum, and the
superscript c denotes the color state of the pair, which
can be either color singlet (CS) with c = 1 or color octet
(CO) with c = 8. For J/ψ production, the primary
focus here, the most important intermediate states are
3S
[1]
1 ,
1S
[8]
0 ,
3S
[8]
1 and
3P
[8]
J . In Eq. (1), 〈OHκ 〉 are non-
perturbative but universal NRQCD LDMEs, which can
be extracted from data. The dσˆκ denote the short dis-
tance coefficients for the production of a heavy quark pair
with quantum number κ. Based on the heavy quark pair
production amplitude in [13, 15], dσˆκ have been calcu-
lated for all S-wave and P -wave intermediate states in
[11].
In the following, we will give general expressions for
“dilute-dense scattering”. In the CGC power count-
ing [12], this could represent either p+A collisions or
forward p+p collisions. At collider energies, x in the
forward going “dilute” proton may be small enough that
small x resummation is relevant, but phase space den-
sities are still small. Conversely, phase space densities
in the “dense” backward going proton can reach their
2maximal value of 1/αs, indicating gluon saturation. Be-
cause large x modes are probed at high p⊥ ≫ QS, there
is a limited range in p⊥ where the CGC effective theory
is valid. At such large p⊥, as we shall discuss further,
perturbative computations in the collinear factorization
framework should be more reliable.
In this dilute dense CGC framework, we can express
dσˆκ in the color octet channel as [11]
dσˆκ
d2p⊥dy
CO
=
αs(piR
2
p)
(2pi)7(N2c − 1)
∫
k1⊥,k⊥
ϕp,yp(k1⊥)
k21⊥
×NY (k⊥)NY (p⊥ − k1⊥ − k⊥) Γκ8 ,
(2)
when κ is CO,
∫
k⊥
≡ ∫ d2k⊥, p⊥ (y) are transverse
momentum (rapidity) of produced heavy quarkonium,
yp ≡ ln(1/xp) [Y ≡ ln(1/xA)] is the rapidity of gluons
coming from dilute proton [dense proton]. The expres-
sion for Γκ8 can be found in [11]. Further,
NY (k⊥) = NY (−k⊥) ≡
∫
r⊥
eik⊥·r⊥DY,r⊥ , (3)
where DY,r⊥ =
〈
Tr
[
VF (0)V
†
F (r⊥)
]〉
Y
/Nc is the dipole
forward scattering amplitude, VF are lightlike Wilson
lines in the fundamental representation, and Nc the num-
ber of colors. Here 〈· · · 〉Y represents the renormaliza-
tion group evolved expectation value of this correlator
in the target background field evaluated at rapidity Y .
For more details, we refer the reader to [12]. The un-
integrated gluon distribution inside the proton is then
expressed as
ϕp,yp(k1⊥) = piR
2
p
Nck
2
1⊥
4αs
N˜Ayp(k1⊥) , (4)
where piR2p is the effective transverse area of the proton,
and N˜A is similar to N in Eq. (3) but with its Wilson
lines in the adjoint representation.
Interestingly, if κ is CS, dσˆκ depends on both
dipole correlators and novel quadrupole correlators
[11]. These latter are defined as Qx⊥x′⊥y′⊥y⊥ =〈
Tr
[
VF (x⊥)V
†
F (x
′
⊥)VF (y
′
⊥)VF (y⊥)
]〉
Y
/Nc . Like the
dipole correlators, they are universal gauge invariant
quantities, and appear in a number of final states [19, 20].
The energy evolution of both dipole and quadrupole cor-
relators is described by the Balitsky-JIMWLK hierarchy
of small x RG equations [21–23]. For the dipole correla-
tor, in the large Nc limit, the hierarchy has a closed form
expression, the well known Balitsky-Kovchegov (BK)
equation [21, 24]. This equation can be solved numer-
ically and is widely used in phenomenological applica-
tions.
In contrast, no such simple form exists for the
quadrupole correlator and solving the corresponding
Balitsky-JIMWLK equation is cumbersome for phe-
nomenological applications. While the expressions sim-
plify in a quasi-classical approximation in the large Nc
limit [13, 20], the result is still too complicated for our
purposes. For our study here, we discovered an approxi-
mate factorized expression for the quadrupole correlator,
Qx⊥x′⊥y′⊥y⊥ ≈ Dx⊥−x′⊥Dy′⊥−y⊥
−Dx⊥−y′⊥Dx′⊥−y⊥ +Dx⊥−y⊥Dx′⊥−y′⊥
+
1
2
(Dx⊥−y′⊥Dx′⊥−y⊥ −Dx⊥−y⊥Dx′⊥−y′⊥)
× (Dx′
⊥
−y⊥ −Dy′⊥−y⊥ +Dy′⊥−x⊥ −Dx′⊥−x⊥) . (5)
This result is exact when any two adjacent positions co-
incide: x⊥ = x
′
⊥, x
′
⊥ = y
′
⊥, y
′
⊥ = y⊥ or y⊥ = x⊥. We
have checked [25] that it is a good approximation to the
Balitsky-JIMWLK results in [26].
Making use of Eq. (5), the short distance coefficients
for the CS channels in [11] simplify significantly to
dσˆκ
d2p⊥dy
CS
=
αs(piR
2
p)
(2pi)9(N2c − 1)
∫
k1⊥,k⊥,k′⊥
ϕp,yp(k1⊥)
k21⊥
×NY (k⊥)NY (k′⊥)NY (p⊥ − k1⊥ − k⊥ − k′⊥)Gκ1 ,
(6)
where G has a different functional form from Γ in [11]
because of the above simplification. In particular, for
the 3S
[1]
1 channel,
G3S
[1]
1
1 =
k21⊥
(
k21⊥ + 4m
2
)
12m
×
(
1
l2⊥ + k
2
1⊥/4 +m
2
− 1
l′2⊥ + k
2
1⊥/4 +m
2
)2
,
(7)
with l⊥ = k⊥ − p⊥−k1⊥2 , l′⊥ = k′⊥ − p⊥−k1⊥2 .
The key ingredient in both Eqs. (2) and (6) is NY (k⊥),
which is obtained by solving the running coupling BK
(rcBK) equation directly in momentum space. We use
McLerran-Venugopalan (MV) initial conditions [27, 28]
for the dipole amplitude at the initial rapidity scale
Y0 ≡ ln(1/x0) (with x0 = 0.01) for small x evolution.
Since the structure function F2 in deeply inelastic scat-
tering (DIS) is directly propotional (at small x) to the
dipole amplitude, all the parameters in the rcBK equa-
tion are fixed from fits to the HERA DIS data [29]. Other
initial conditions discussed in the literature [30] give sim-
ilar results at low p⊥ for heavy quark pair production but
differ significantly at high p⊥ where the present formal-
ism is not reliable no matter which initial condition is
used. While the formalism captures the dominant higher
order corrections at small x [31, 32], this is less assured
as one goes to larger x with increasing p⊥. Because NLO
CGC expressions for Eqs. (6) and (2) that extend their
p⊥ range are not available, we choose to restrict data
comparisons to the more reliable small to moderate p⊥
3region. We shall explore whether there is a p⊥ range
where our results overlap with the successful high p⊥
NLO collinear factorization approach [33, 34].
A similar issue of matching to the collinear framework
occurs when x > x0 is accessed respectively in the for-
ward or backward going protons. Since the rcBK equa-
tion is solved only for x < x0, we devised a scheme to
extrapolate the dipole amplitude to larger x, using results
for the collinear factorized gluon distributions (pdfs).
From the relation between the pdfs and the unintegrated
gluon distribution [11, 15], using Eq. (4), one obtains
xpfp/g(xp, Q
2)
xp≤x0
= a(xp)C
∫ Q2
k21⊥N˜Ayp(k1⊥)dk21⊥ , (8)
where C ≡ piR
2
p
4pi3
Nc
4αs
and a(xp) is an extra free function
that we will now determine. We assume a(xp) ≈ 1 when
xp is close to x0, such that a(x0) = 1 and a
′(x0) = 0.
These two conditions result in two equations, which allow
us to simultaneously determine Rp and Q. If we use the
CTEQ6M pdfs [35] for fp/g(xp, Q
2) and the rcBK equa-
tion with the MV initial condition to calculate N˜Ayp(k1⊥),
we determine Q = Q0 = 5.1 GeV and Rp = 0.48 fm. (In-
terestingly, this value for Rp is in very good agreement
with the transverse gluon radius of the proton extracted
from HERA diffractive data [36].) Having fixed Rp and
Q0 with our matching conditions, we use the extrapola-
tion
N˜Ayp(k1⊥)
xp>x0
= a(xp)N˜AY0(k1⊥) , (9)
with a(xp) determined to be
a(xp) = xpfp/g(xp, Q
2
0)
[
C
∫ Q20
k21⊥N˜AY0(k1⊥)dk21⊥
]−1
. (10)
The dilute-dense approximation employed here will
break down when the phase space densities in both pro-
tons are large. This may be the case at central rapidities,
especially at the LHC. In the CGC framework, quark pair
production in this dense-dense regime cannot be com-
puted analytically but may be feasible numerically. This
is however beyond the scope of the present work and is
a further source of systematic uncertainty.
Before we confront our framework to the data,
we need to fix the charm quark mass and deter-
mine the LDMEs. We set the charm quark mass
to be m = 1.5 GeV, approximately one half the
J/ψ mass. The CO LDMEs were extracted in
the NLO collinear factorized NRQCD formalism [4]
by fitting Tevatron high p⊥ prompt J/ψ production
data; this gives 〈OJ/ψ(3S[1]1 )〉 = 1.16/(2Nc) GeV3,
〈OJ/ψ(1S[8]0 )〉 = 0.089 ± 0.0098 GeV3, 〈OJ/ψ(3S[8]1 )〉 =
0.0030 ± 0.0012 GeV3 and 〈OJ/ψ(3P [8]0 )〉 = 0.0056 ±
0.0021 GeV3. Note that the high sensitivity of short dis-
tance cross-sections to quark mass is mitigated by the
mass dependence of the LDMEs. The latter are extracted
from particular data sets using Eq. (1). For a different
quark mass, the LDMEs extracted would be quite differ-
ent [33], thereby ensuring only a weak quark mass uncer-
tainty to NRQCD predictions. We also note that while
other NLO NRQCD fits exist, they are not suitable for
our use. For example, the fit in [7] relies on a cancella-
tion between the 3S
[8]
1 channel and
3P
[8]
J channels, which
occurs only at NLO where short distance coefficients can
be negative. To account for the uncertainties outlined,
as well as higher order in αs corrections, we introduce a
systematic uncertainty of 30% on top of the statistical
uncertainties from the LDMEs.
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FIG. 1. The J/ψ total production cross section at hadron
colliders in the CGC+NRQCD framework compared to data
at midrapidity. The data are from [37–40].
In Fig. 1, we compare our results for the J/ψ total cross
section at mid-rapidity for
√
S from 0.2 TeV to 7 TeV.
In general, our predictions are consistent with the col-
lider data. For the top RHIC energy, our result is a little
larger then the PHENIX data. However, (see Fig. 3),
we are able to describe the PHENIX data on the p⊥
dependence at forward rapidity. The small discrepancy
with PHENIX data at central rapidities may reflect the
fact that our formalism is most reliable for large c.m en-
ergy or for forward rapidities. As stated previously, our
computation is the first that includes contributions from
both the color singlet and color octet channels to the to-
tal cross-section. In contrast to the Color Singlet Model
(CSM) [41, 42] prediction, we find that in our formalism
the CS contribution is only 10% of the total cross section.
Our estimates show that for a large nucleus this relative
contribution will rise to approximately 15%- 20%.
Our results for the differential cross section as a func-
tion of rapidity compared to 7 TeV data at LHC are
shown in Fig. 2. All the data lie well within the er-
ror band. At the larger rapidities, the results become
sensitive to x > 0.01 in either the projectile or target
(and conversely very small x in the target or projectile).
At these forward (or backward) rapidities, as discussed
previously, the matching of the dipole amplitude to the
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FIG. 2. J/ψ differential cross section as a function of rapidity
at LHC. Data from [40, 43–45].
unintegrated pdfs at large x is important. Note that this
matching condition allowed us to fix the radius Rp which
was the only normalization parameter in Eqs. (2) and (6)
– the apparent αs dependence cancels out when Eq. (4)
is substituted in these equations. It is therefore striking
that our results explain both the overall normalization
at Y = 0 and the relative normalization at forward ra-
pidities after matching the pdfs smoothly to the dipole
amplitude at x = 0.01.
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FIG. 3. The ψ′ (top curve) and J/ψ (other four curves) differ-
ential cross section as a function of p⊥. Data from [37, 40, 45–
48]. NLO NRQCD predictions are taken from [49].
In Fig. 3, we compare our results for J/ψ differen-
tial cross section as a function of p⊥ with experimen-
tal data at several c.m energies and rapidity regions.
It is clear that small p⊥ data is well described by our
CGC+NRQCD formalism. Further, as anticipated in the
previous discussion, the results in this formalism begin
to disagree with data at higher p⊥. From previous expe-
rience with single inclusive LHC data [29], one expects
to overshoot the data with MV initial conditions–this is
precisely what we see. In Fig. 3, we also show the NLO
collinear factorized NRQCD results [49] which show good
agreement with data at large p⊥. It is very interesting to
observe an overlap region around p⊥ ∼ 5−6 GeV, which
can be described by both the CGC+NRQCD formalism
and the NLO collinearly factorized NRQCD formalism.
A good matching of the small x and collinear factorized
formalisms at large p⊥ is seen in single inclusive hadron
production by imposing exact kinematic constraints in
the small x formalism [50]. Since leading order collinear
factorization results for heavy quark pair production are
obtained as a limit of the CGC result [51], imposing exact
kinematics may help better understand the overlap be-
tween the two formalisms. In the low p⊥ region, a further
refinement of our formalism will include resummation of
logarithms of p⊥/M for p⊥ ≪M [52–54].
Most of the experimental data presented are for inclu-
sive J/ψ production. These include J/ψ’s produced from
B-meson decays as well as prompt production of J/ψ’s.
The latter includes feeddown from higher excited char-
monium states as well as direct J/ψ production. How-
ever we only considered direct J/ψ production contribu-
tion in our theory results. Nevertheless, the compari-
son is meaningful. Firstly, the B-meson decay contribu-
tion in the small p⊥ region is small, of order less than
10%. Secondly, the LDMEs in [4] are obtained by fit-
ting prompt J/ψ data. Thus feeddown contributions are
already roughly estimated in our results. With the ex-
pressions in [11] for the higher charmonium states, a fully
consistent treatment of prompt J/ψ production data is
feasible in the near future. As a first step, we compare
our results for the ψ′ differential cross section as a func-
tion of p⊥ with data in Fig. 3. In this comparison, we set
the charm quark mass to be m =Mψ′/2 ≈ 1.84 GeV and
used the CO LDMEs extracted in [49]. Theory and data
agree well. However, if we set m = 1.5 GeV for ψ′, the
results overshoot the data. As noted, one anticipates the
sensitivity to the quark mass in the short distance cross
sections to be offset by their dependence in the LDMEs.
However, for ψ′, only two linear combinations of the three
CO LDMEs of ψ′ can be determined [49]; because it is
unconstrained, we set 〈Oψ′(3P [8]0 )〉 = 0 here. Thus ψ′ has
larger systematic uncertainties relative to J/ψ that sub-
sume the sensitivity of results to the quark mass. Based
on our present work, all three ψ′ CO LDMEs can be de-
termined from a global fit. A consistent treatment of all
charmonium and bottomonium states is in progress [25].
In the latter case, we anticipate a larger contribution
from the logarithmic resummation of [52–54].
Comparing our results to related work, J/ψ total cross
sections were studied recently in the CSM within the
broad framework of collinear factorization [55, 56]. While
the trend of the total cross section is described, the theory
uncertainties have to be as large as a factor of 10 for data
5to lie within errors. Likewise, the CEM with collinear
factorization [57] describes the total cross section, rapid-
ity distributions and p⊥ distributions with much larger
uncertainties than our framework.
The results presented here are timely given the wealth
of data extant and anticipated from RHIC to LHC for
p+p and p+A collisions. When combined with devel-
opments in collinearly factorized NRQCD, they set the
groundwork for a comprehensive understanding of the
mechanism of heavy quark hadronization in QCD.
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